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Abstract 

Let r2 be a domain in M'', d>2, and 1 < p < oo. Fix V £ L'^^{^}). 
Consider the functional Q and its Gateaux derivative Q' given by 



Q(u) := [(\Vu\P + V\undx, -Q'(u) := -V ■(\Vu\P''^Vu) + V\i 
Jn P 

If Q > on C^(r2), then either there is a positive continuous function 

W such that JW\u\Pdx < Q{u) for all u € Co°(0), or there is a 

sequence Uk € C^{U) and a function v > Q satisfying Q'{v) = 0, such 

that Q{ujS) — > 0, and ^ v \n L\^^{VL). In the latter case, v is (up 

to a multiplicative constant) the unique positive supersolution of the 

equation Q'{u) = in $7, and one has for Q an inequality of Poincare 

type: there exists a positive continuous function W such that for every 

ip G C^(ri) satisfying Jipvdx ^ there exists a constant C > 

such that C-^fW\u\Pdx < Q{u) + C\ju'4)dx\^ for all u G C^{VL). 

As a consequence, we prove positivity properties for the quasilinear 

operator Q' that are known to hold for general subcritical resp. critical 

second-order linear elliptic operators. 
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35J60, 35J70, 49R50. 

Keywords, quasilinear elliptic operator, p-Laplacian, ground state, 
positive solutions. Green function, isolated singularity. 
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1 Introduction 



Positivity properties of quasilinear elliptic equations, in particular those with 
the p-Laplacian term in the principal part, have been extensively studied over 
the recent decades (see for example El HH 1121 El CHI EUl EH and the 
references therein). The objective of the present paper is to study general 
positivity properties of such equations defined on general domains in M."^. We 
generalize some results, obtained for p = 2 in to the case of p G (1, oc). 
In particular, we extend to the case of the p-Laplacian the dichotomy of [21] 
obtained for nonnegative Schrodinger operators which states that either the 
associated quadratic form has a weighted spectral gap or the operator admits 
a unique ground state. 

Some of the proofs in this paper (in particular, the uniqueness of a global 
positive supersolution for a critical operator) seem to be new even for the 
previously studied case p = 2. 

Fix p G (l,C)o), a domain Q C M'^, and a potential V G L^^{Q). We 
denote by Ap{u) := V- (|Vm|^~^Vm) the p-Laplacian. Throughout this paper 
we assume that 

Q{u):= I (|Vm|^ + 1/|m|p) dx > (1.1) 

for all u G C^in). 

Definition 1.1. We say that a function v G Wl^^iVt) is a (weak) solution of 
the equation 

-Q'(v) := -\iv) + V\vV'-'^v = Q infi, (1.2) 
p 

if for every ip G C^{Vt) 

[ {\Vv\P-^Vv ■ Vip + V\v\''~\ip) dx = 0. (1.3) 
Jn 

We say that a positive function v G Ci^^{Q) is a positive supersolution of 
the equation ()1.2|) if for every nonnegative ip G C^{Q) 

{\Vv\P-'^Vv ■ Vip + V\v\P-\ip) dx > 0. (1.4) 
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Remark 1.2. It is well-known that any weak solution of (|1.2j) admits Holder 
continuous first derivatives, and that any nonnegative solution of (jl.2j) sat- 
isfies the Harnack inequality 



Definition 1.3. We say that the functional Q has a weighted spectral gap in 
Q (or Q is strictly positive in Q) if there is a positive continuous function W 
in Q such that 

Q{u)> [ W\u\Pdx WueC^iQ). (1.5) 
Jn 

Definition 1.4. We say that a sequence {uk} C C^{fl) is a null sequence, if 
Uk > for all /c G N, and there exists an open set B Q (i.e., B is compact 
in Q) such that |Mfc|^da; = 1, and 

lim Q{uk) = lim [ {\Vuk\^ + V\uk\^) dx = 0. (1.6) 

A:— >oo fc— >oo Jq 

We say that a positive function v G 6*1^^,(^2) is a ground state of the functional 
Q in f2 if f is an Ly^^{Q) limit of a null sequence. If Q > 0, and Q admits a 
ground state in Q, we say that Q is degenerately positive in fi. 

Definition 1.5. The functional Q is nonpositive in if it takes negative 
values on C^(fi). 

The main result of the present paper reads as follows: 

Theorem 1.6. Let C R.^ be a domain, V G Lj^^(fi), and p G (l,cx3). 
Suppose that the functional Q is nonnegative. Then 

(a) Q has either a weighted spectral gap or a ground state. 

(b) If the functional Q admits a ground state v, then v satisfies / li.jj)) . 

(c) The functional Q admits a ground state if and only if il.^) admits a 
unique positive supers olution. 

(d) If Q has a ground state v, then there exists a positive continuous func- 
tion W in Q, such that for every ijj G C^(fi) satisfying f ipv dx ^ 
there exists a constant C > such that the following inequality holds: 



C 



I W\u\''dx<Q{u) + C I i)udx 
Jn Jn 



Vm g c^in). (1.7) 
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Theorem 11.61 extends [SH Theorem 1.5] that deals with the hnear case 
p=2. 

The outhne of the present paper is as follows. The next section gives 
preliminary results concerning positive solutions of the equation Q'{u) = 0. 
In particular, it introduces the generalized Picone's identity |2l El which is a 
crucial tool in our study. SectionlHlis devoted to the proof of Theorem ll.61 In 
SectionlH we study, using Theorem ll.61 criticahty properties of the functional 
Q along the lines of criticality theory for second-order linear elliptic operators 

In Section |S1 we prove, for 1 < p < d, the existence of a unique (up 
to a multiplicative constant) positive solution of the equation Q'{u) = in 
Q \ {xq} which has a minimal growth in a neighborhood of infinity in Q. 
The proof of the above result relies on an unpublished lemma of L. Veron 
f Lemma 15. ip concerning the exact asymptotic behavior of a singular positive 
solution of the equation Q'{u) = in a punctured neighborhood of xq. We 
thank Professor Veron for kindly supplying the proof of this key result. The 
study of positive solutions which has a minimal growth in a neighborhood of 
infinity in Q leads us to another characterization of strict positivity in terms 
of these solutions. 

In Section ini we pose a number of open problems suggested by the results 
of the present paper. The Appendix contains a new energy estimate for the 
functional Q valid for p > 2. This estimate leads to an alternative proof of 
Lemma (3.21 for the case p >2. 

2 Positive solutions and Picone identity 

Letv>0,ve Cl^i^), and M > 0, M G C^(fi). Denote 

R{u, v) := I Vn|*^ - V (^^^ " \Vv\p-^Vv, (2.1) 



and 



Liu,v) := \\/u\P + (p~l) — \\/v\P -p -\/u-\\/v\P-'^Vv. (2.2) 

Then the following (generalized) Picone identity holds [21IS1 

R{u,v) = L{u,v). (2.3) 
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Write L{u,v) = Li{u,v) + L2{u,v), where 

Li{u,v) := \Vu\P + {p-l) — \Vv\P -p -\Vu\\Vv\P-\ (2.4) 

yP yP-^ 

and 

L2(m, v) := p-—^\Vv\^-^{\Vu\ \Vv\ - Vu ■ Vv) > 0. (2.5) 

From the obvious inequahty + {p— 1) —pt > 0, we also have that Li{u, v) > 
0. Therefore, L{u,v) > in fi. 

Let V G CjQ^(f2) be a positive solution (resp. supersolution) of (jl.2p . 
Using and (fO|l (resp. (IT^ ). we infer that for every u E C^{^), u>0, 



Q{u) 



j L{u,v)dx>Q, l^resp. Q(m) > j L{u,v)dx>Q^ . (2.6) 



For any smooth subdomain VL' ^Vt consider the variational problem 



It is well-known that for such a subdomain, (j2.7p admits (up to a multi- 
plicative constant) a unique minimizer [T^ I16j. Moreover, is a positive 
solution of the quasilinear eigenvalue problem 

'Q'(y,) = Ai,,(fi')krV inf^', ^2 8) 

(y9 = on 90'. 

Ai^p(O') and are called the principal eigenvalue and eigenfunction of the 
operator Q', respectively. 

The following theorem was proved by J. Garcfa-Melian, and J. Sabina de 
Lis [16ji (see also |3IS])- 

Theorem 2.1. Assume that fl G M.'^ is a bounded C^^'^ -domain, < a < 1, 
and suppose that V G L°°{Vl). Then the following assertions are equivalent, 

(i) Q' satisfies the maximum principle: If u is a solution of the equation 
Q'{u) = f > in Q with some f G L°°{Q), and satisfies u > on dfl, 
then u is nonnegative in VL. 



5 



(a) Q' satisfies the strong maximum principle: If u is a solution of the 
equation Q'{u) = f ^0 inQ with some f G L°°{Q), and satisfies u > 
on dQ, then u > in Q. 

(Hi) Ai,p(n) > 0. 

(iv) For some ^ / G L°°{Q) there exists a positive strict supersolution v 
satisfying Q'{v) = f in Q, and v = on dQ. 

(iv') There exists a positive strict supersolution v satisfying Q'{v) = / ^ 
zn n, such that v G and f G 

(v) For each nonnegative f G C"(i7) fl there exists a unique weak 
nonnegative solution of the problem Q'{u) = f in fl, and u = on dQ. 

We shall need also the following comparison principle of J. Garcia- Melian, 
and J. Sabina de Lis fHl Theorem 5]. 

Theorem 2.2. Let Q G M.'^ be a bounded domain of class 0^'°", < a < 1. 
Assume that Xi^piSl) > and let Ui G W^^'^iyt) fl satisfying Q'{ui) G 

L°°{VL), Milan G C^^°'{dVt), where i = 1,2. Suppose further that the following 
inequalities are satisfied 



The following theorem generalizes the well-known Allegretto-Piepenbrink 
theorem (see [8, Theorem 2.12] and the references therein). 

Theorem 2.3. Let Q be a functional of the form il.l]) . Then the following 
assertions are equivalent 

(i) The functional Q is nonnegative on C^{Q). 

(a) Equation Al.^) admits a global positive solution. 

(Hi) Equation M.^) admits a global positive supersolution. 




in f2, 
in fi, 
on dQ, 
on dQ. 



(2.9) 



Then 



Ui < U2 



in Vt. 
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Proof, (i) =^ (ii): Assume that Q > on C^{Q). Then Q is nonnegative 
on C^{Q') for any smooth bounded domain Q' (s Q. Fix an exhaustion 
{^n}'n=i of ^ ^ sequence of smooth, relatively compact domains such 
that xq e fli, cI^Qn) C and W^^iQn = By the strict monotonicity 

of Xi^p{fl) as a function of [21 Theorem 2.3], it follows that Xi^p{^n) > 
for all > 1. Let G C^{Qi\i \ be a nonnegative nonzero function. 

By Theorem 12.11 there exists a unique positive solution of the problem 

Q'{un) = In in ^n, un = on d^N- 

Set vn{x) := un{x)/un{xo). By Harnack's inequality and elliptic regularity 
jHniEni, it follows that {vn} admits a subsequence which converges locally 
uniformly to a positive solution v of the equation Q'{u) = in fl. 

(ii) =^ (iii) is trivial. 

(iii) =^ (i): Suppose that (jl.2|) admits a global positive supersolution v 
in Q. If M G C^{Q) is a nonnegative function, then by ()2.6|) > 0. Let 
u G M/jof (f^) be a nonnegative function with compact support. By taking 
a sequence {uk} C C^(fi) of nonnegative functions such that Uk ^ u in 
W^^^{n), we infer that Q{u) > 0. Thus, Q > on the cone of all (1^) 
nonnegative functions with compact support in Q. Since Q{u) = Q{\u\) on 
C^(f2), it follows that Q is nonnegative on C^{^1). □ 

3 Proof of Theorem 11.6 

We shall start with the following two lemmas. For i? C ^2 let 

Cb '■= inf Q{u) = inf Q{u). (3.1) 

uGCg°{0) o<uscg°(n) 
Jg\u\P dx=l Jg\u\P dx=l 

Lemma 3.1. If for every open set B fl, cb > 0, then there exists a 
W G C{n), W >0, such that 

Q{u) > [ W{x)\u{x)fdx yueC^in). (3.2) 
Jn 

In other words, Q has a weighted spectral gap with the weight W . 

Proof. Let be a locally finite covering of Q by open balls Bi d Q, 

and let {Xj} be a locally finite partition of unity on Q subordinated to this 
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covering. Set Cj := minjce^,!}. Then 

2-^Q{u)>2-^cbJ \u\Pdx>2-^Cj[xj\u\^dx \fueC^{n). (3.3) 
^ jBj Jn 

By summation ()3.3|) over j G N and by interchanging the order of summation 
and integration we obtain ()3.2|) with W{x) := J2'jLi'^~''CjXj{x). □ 

Lemma 3.2. // there exists a nonempty open set B (£ Q such that cb = 0, 
then Q admits a ground state. 

Proof. Fix a positive (super) solution v G C^{Q). Since cb = 0, there exists a 
sequence {uk} C C^{fl), Uk > 0, such that \uk\^ dx = 1 and Q{uk) — > 0. 
Let (E i7 be an open connected set containing B. 

Step 1. Let oj' C u. By fj2.6|) . and since L{uk,v) > 0, we have that 

/ |VMfc|^dx< / L{uk,v)dx+ I Cu^j^^\S/uk\dx < 
Juj' Jn Juj' 

0(1) +C [ ul-^\Vuk\dx, (3.4) 

Jul' 

with the constant C = C{uj) independent of u'. Invoking Young's inequality, 
we arrive at 

/ \\/ukfdx<oil) + l- [ \\/ukfdx + C [ uldx. (3.5) 

Therefore, 

f iVufcl^dx < C(cj) f uldx + o{l). (3.6) 

Jul' Jio' 

step 2. Let 

Uq := {x E id : 3 p{x) E {0, d{x,^l\uj)), snp / l-Ufcl^ dx < oo}. (3.7) 

Since \uk\^ dx = 1 < oo, i? c ujq. Moreover, ujq is an open set. Indeed, let 
X E Uq, -Bp(^)(x) C ujq. Then for every point y E Bp(^^){x) there is a p{y) > 
such that Bp^y){y) C Bpf^^){x). Therefore, jB^^^^iy) l^fcP^x < jB^^^^ix) l^fcPdx. 
Consequently y E ujq, and is open. 
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Let us show now that ujq is a relatively closed set in 00. We shall use the 
following version of Poincare inequality 



\u\Pdx<C \Vu\Pdx + Cr 

Bi{0) Jbi{0) 



u dx 

Br{0) 



P 

Vr e (0,1), Vm G C°°(R'^) 



(3.8) 

which follows for example from |3H1 Theorem 4.2.1]. It easily follows from 
fl3.8p that for every e > and p > there exist 6^ > and C(e, p) such that 
for every x Eu, 6 E {0,mm{6^,d{x,du)}), and u G C^{fl), 

I |M|Pdx<e/" \Vu\Pdx + C{e,p) [ \u\Pdx. (3.9) 

Jbs{x) Jbs{x) JBp(x) 

Let Xj G cuo, — >• xo G cu. Let e < (C(ct;))~^/2, where C{uj) is the 
constant in ()3.6|) . Let 5^ > be as in ()3.9|) and fix 5 G (0, min{(5e, (i(x, 9u;)}). 
Finally, choose j such that |xo — Xj| < |. Then, with p = p{xj), (j3.6|) and 
dSSD imply 

-C{uj)-^ I \Vuk\^dx<C{e,p{xj)) [ \uk\^ dx + o{l) . (3.10) 

The right hand side of ()3.10|) is bounded in k by the definition of Uq. Thus 
^Bs{x ) l^'^fcl^dx is bounded, and by ()3.9|) . /^^(j,.) I^fcl^dx is also bounded. 
Since, by the choice of j, -B5/2(xo) C Bs{xj), it follows that /B_j^2(^.y)(| Vu^l^ + 
|Mfc|^)dx is bounded and consequently, xq G ujq, and cuq is also relatively 
closed. 

Since u is connected and uq 7^ 0, it follows that uq = u and {uk} is 
bounded in Lf^^{fl). Invoking again (|3.6|) it follows that {uk} is bounded in 

Step 3. Consider now a weakly convergent renamed subsequence Uk ^ u in 
Wi^^{Q). Let w ^ f2 be a smooth domain, and set Q'^{u) := L(m, v) dx. We 
claim that the functional Q'^{u) is weakly lower semicontinuous in W^''^{(jj). 
Indeed, the functional | Vm|^ dx and /^(p— 1)-'^| Vf |^ dx are weakly lower 
semicontinuous in W^'^iuj) since their Lagrangeans (£(g, 2;,x) = \q\^ and 
C{q,z,x) = {p — 1) Jfl^l Vf (x)l^, resp.) are convex functions of q. So, it 

VyX) 

suffices to show that the functional 

r(u) := / ^Vn- \Vv\f-^Vvdx (3.11) 
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is weakly continuous on any sequence {uk} satisfying -u^ ^ -u in W^'^^u). 
Indeed, 

J"K) - J"(u) = f \Vv\P-\'-PVv ■ VwfcK"' - da; + 

J U) 

I VK - u) ■ Vv\Vv\P~\^'PuP-^ dx. (3.12) 

Consider the first term of the right hand side of (j3.12p . Since ^ m in 
W^''^[ijj\ it follows by the compactness of the local Sobolev imbeddings that 
(up to a subsequence) ma; — ^ m in LPiuS). Then, for a renamed subsequence, 
there exists a f/ G LPiuS)., such that < -Ufc < f/ and Uk ^ u a.e. in u. 
Therefore, u^T^ < U^"^ G L^'{uj), where p' := p/{p — 1) is the conjugate 
exponent of p. Consequently, 

- uP-^\P' < C{UP + uP) G L\uj). (3.13) 

Hence by Holder's inequality and Lebesgue's monotone convergence theorem. 



f \v\P-^v'-PVv ■ Vukiul'^ - u^-') dx 

J u 



< C\\Vuk\\p\\ul-^ - uP-'\\p, ^ 0. 

(3.14) 



Consider the functional 



Note iVvl'^^^v^^^u^^^ G LP'{uj). Therefore, Holder's inequality implies that 
$ is a continuous functional on W^'P{uj). Hence, by the definition of weak 
convergence, the second term of the right hand side of (j3.12j) converges to 
zero. 

We conclude that < Q'^{u) < liminf Q'^{uk) = 0. Moreover, J^u^dx = 
1. Now we repeat the argument of p . Since Q^{u) = for every subdomain 
UJ (£ Q containing B, it follows that Li{u,v) = and L2 («,!>) = 0. Recall 
that f{t) = + p — 1 — pt is a nonnegative function on M_|_ which attains its 
zero minimum only at t = 1. Therefore, Li{u,v) = implies that ^"^IVmI = 
f~^|Vf|. On the other hand, L2{u,v) = implies that Vu is parallel to 
Vf . Hence, u = cv, where c > 0. The value of c is determined by the 
condition jg{cvY dx = 1. Therefore cv is the limit of every weakly convergent 
subsequence of {uk\. It follows that the original sequence cv in L\^^{Vt). 

□ 
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Remark 3.3. The argument in Step 3 of the proof of Lemma 13.21 shows 
that the functional Q has some weakly lower semicontinuity properties, as 
Proposition 13.51 below demonstrates. 

First, we need to extend the definition of the functional Q from C^{Q) 



Definition 3.4. Let vhe a. positive solution of the equation Q'{u) = in f2. 
We define a functional : W^/^f (fi) [0, +oo\ by 



Also, for u G Wl^^iyt) and any uj (^Vl define Q'^{u) := J^L{\u\,v) dx. 

We have 
Proposition 3.5. Let 



D:={ue Wl^^in) I Q,{u) < oo, and 3{uk} C U^^nW^'^^iuj) s.t. (3.15) 

Uk u in W^^^{Q), and Qv{uk) — > Qv{u)} .(3.16) 



Then the functional Q on C^{Q) admits an extension to the set D given 
by Q{u) := Qv{u). This extension is independent of the positive solution v. 
Moreover, the functional Q is continuous on Wq'^{u!) C D for every u Q, 
and is weakly lower semicontinuous in the following sense: 

Uk,u G -D, Uk ^ u in W^^^{^1), sup Q{uk) < oo =^ liminf Q(Mfc) > Q{u). 



Note that it is generally not known whether the functional Q^^^ is a norm 
(see the discussion below Problem 16. 1|) . If Q^^^ is a norm and Q is strictly 
positive, then the set D is a closure of C^{Q) in that norm and so it is a 
Banach space. In this case, the condition in (j3.17p is equivalent to weak 
convergence in D, and Q is weakly lower semicontinuous as a monotone 
increasing function of the norm. 

Proof. The functionals Q and Qv obviously admit continuous extensions to 
Wq'^{lj) for every uj Q. Since Q and are even and coincide on non- 
negative C^(f2) -functions, their respective extensions to Wq'^{uj) are equal. 



to a larger set in W^^^{^1). 




L{\u\,v) dx if this integral is finite, 
oo otherwise. 



A;— >oo 



(3.17) 
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Consequently, the set D is independent of v. Moreover, the functional Qy 
evaluated on D is independent of v and thus defines the extension of Q. 

Let Uk ^ u in W^Qci^), Uk,u e D, and Qv{uk) < C for some C > 0. 
Assume first that Uk > 0. Then Qv{uk) > Q%{uk) for every open uj Vt. 
Step 3 of Lemma Em implies that liminf > liminf (^^(m^) > Q'^{u). 

Since u is arbitrary, we have liminf Qy{uk) > Qviu) = Q{u). 

Let now remove the restriction Uk > 0. Let d be a smooth domain. 
Due to compactness of the imbedding of W^'^iu) into U'ioj), Uk ^ u a.e. on 
a renamed subsequence, and \uk\ <U with some U G L^^^{Q). Consequently 
\uk\ — >■ |m| in ^^^{fl). Since \uk\ is bounded with respect to the seminorms 
of \uk\ \u\ in Since the functional Qy is even, by the 

previous argument it follows that 

liminf = liminf Qy{\uk\) > Qvi\u\) = Qv{u) = Q{u), 

fc— ►oo fc— too 

and the proposition is proved. □ 

Proof of Theorem \l.b\ Part (a) follows from Lemma f3. II and Lemma f3. 21 
To prove (b) and (c), observe that from Lemma (3.21 it follows that for each 
positive supersolution v of ()1.2j) . any null sequence {uk} converges to a con- 
stant multiple of v. This implies that all positive supersolutions of ()1.2|1 are 
scalar multiples of the same function. On the other hand, if Q admits a 
weighted spectral gap with a weight W , then by Theorem 12. 3[ the equation 
^Q'{u) — W\u\^^'^u = admits a positive solution v in Q. So, f is a strictly 
positive supersolution of the equation Q'{u) = in Q. In addition, by The- 
orem 1231 the equation Q'{u) = admits a positive solution w in Q. Clearly 
V ^ w, and the equation Q'{u) = admits two linearly independent positive 
supersolutions in Q. 

It remains to prove (d). First we claim that for every open set B (£ Q 
there is a strictly positive continuous function W such that 

/ W\u\Pdx <Q{u) + [ \u\Pdx \/uEC^in). (3.18) 
Jq Jb 

Indeed, denote the functional in the right hand side of ()3.18|) by Q. 
Clearly, Q > on C^{Q). Suppose that Q admits a null sequence {uk}, 
then {uk} is a null sequence of Q, which implies \uk\^ dx — > Jg |f pdx, 
where f is a ground state for Q. Consequently, liminf Q(Mfc) > 0, which 
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contradicts the definition of {uk}- Tlierefore, part (a) of the present theorem 
imphes that Q admits a weighted spectral gap. 

Therefore, in order to prove ()1.7|) . it suffices to show that for some open 

B mn, 



j \u\P dx < C {q{u) 



uip dx 



Vu G C^{n). (3.19) 



Suppose that (|3.19|) fails. Then there is a sequence {uk} C C^iVt) such 
that Iwfcl^dx = 1, Q{uk) and J^Ukipdx 0. Since {uk} is a null 
sequence it converges in L^^^{Q) to v, where f > is the ground state of Q. 
Then Ukip dx —>■ vip dx ^ 0, and we arrive at a contradiction. □ 

For u G C^(fi), we define 



Q{u) :-- 



Q{u) if Q has a weighted spectral gap, 

Q{u) + C \j^il)udx^ if Q has a ground state. 



where C is the constant in ()1.7|) . 

Proposition 3.6. For any C > 0, the set S := {u e C^{^) | m > 0, Q{u) < 
C} is hounded in W^^^iVl) and therefore, it is relatively compact in L^^^iVt). 

Proof. Let u E S and let f be a positive solution of ()1.2|) . Let d be an 
open set. Then by ()2.6p . we have that 

f + \u\P) dx< I {L{u, v) + C\u\P-^\Vu\ + \u\p) dx < 

C + C f \u\P'^\\/u\dx+ I \u\''dx. 
In light of Young's inequality we obtain 

j {\Vu\^ +\u\P)dx<C +]- j \Vu\'Pdx + C I l^l^dx. 
Consequently, 

j {\Vu\P + dx<C + C I \u\P dx. (3.20) 

By (II. 5|) or (jl.7p and the definition of S, the right hand side of (j3.2(Jj) is 
uniformly bounded in 5, and therefore 5* is a bounded set in W^i^f (fi). □ 
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4 Criticality theory 



In this section we prove several positivity properties of the functional Q along 
the lines of criticality theory for second-order linear elliptic operators [26, 27^. 

Recall that Q is said to be strictly positive in if Q has a weighted 
spectral gap on C^{fl). The functional Q is degenerately positive in f2 if 
Q > on C^{fl) and Q admits a ground state in Q. The functional Q is 
nonpositive in Q if it takes negative values on C^{Q). For V G L'^^{Q), we 
denote in the present section 

Qy{u) := [ i\\/u\P + V\u\P)dx (4.1) 
Jn 

to emphasize the dependence of Q on the potential V. 

Proposition 4.1. Let Vi G L^^iyt). If V2 ^ Vi and Qv, > 0, then Qva is 
strictly positive. 

Proof. Obviously, 

Qv^iu) = Qvriu) + j{V2- V^)\u\Pdx > Vu G C^{^). 

Suppose that has a null sequence {uk\ with a ground state f , such that 
Uk V 'm. L\^^{p). Evaluating the limit of Qviiuk), "we have by Fatou's 
lemma, 

= lim Qv,{uk) > liminf [ {V2 - Vi)\uk\P dx > [ {V2 - Vi)\v\^ dx > 0, 

(4.2) 

and we arrive at a contradiction. □ 

Proposition 4.2. Let C 1^2 be domains in M.'^ such that \^i 7^ 0- Let 
Qv be defined on C^{Q2)- 

1. If Qv > on (7^(1^2); then Qv is strictly positive in Qi. 

2. If Qv is degenerately positive in VLi, then Qv is nonpositive in VL2. 

Proof. 1. If Qv is strictly positive in ^2, then the first assertion is trivial. 
Suppose that Qv is degenerately positive in ^2, and let v be the ground state 
of Qv in ^2- Take ip G C^{VL2 \ ^1) such that Jj^^ vip dx 7^ 0. 

Due to ()1.7p restricted to m G C^(f2i), we conclude that Qv is strictly 
positive in VLi. 

2. Assume that Qv > on C^{Vl2). Then by the first part, Qv is strictly 
positive in which is a contradiction. □ 
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Proposition 4.3. Let Vq, Vi e L'^^^i^), Vq 7^ Vi. Fort eR we denote 



Qt{u) := tQvM + (1 - t)Qv,{u), 



(4.3) 



and suppose that Qy^ > on C^{fl) for i = 0,1. 

Then the functional Qt > on C^{Q) for all t G [0,1]. Moreover, if 
Vo 7^ Vi, then Qt is strictly positive in Q for all t G (0, 1). 

Proof. The first assertion is immediate. To prove the second assertion, as- 
sume first that at least one of Qvq^Qvi^ say, Qvo^ is strictly positive with a 
weight Wq. Then for < r < 1, the functional Qr is strictly positive with 
the weight {I - t)Wq. 

Assume now that both Q^o Qvi are degenerately positive with ground 
states fo, fi, respectively, and assume that for some r G (0, 1), has a null 
sequence {uk} and a ground state Vr- 

Note that Vr is not a multiple of vq or of vi since Vq 7^ Vi. Then there 
exist ifji G C^(f2), 2 = 0, 1, such that 



'j/'jWj dx 7^ 0, and / V^jf^ dx = i = 0, 1. 



(4.4) 



By (|1.7|) . for i = 0, 1 there exist a continuous function Wj > in ri, and a 
constant Cj > 0, such that 



/ Wi\u\^ dx <Qi{u) + Ci i uilJidx 
Jn Jn 

Let Wr := rVTi + (1 - t)Wo. Then 



Vm G C^{n). (4.5) 



/"vr,|M|Pdx < g,(M)+Cir [uipidx 
Jq Jn 



+Co(l-r) 



utpQ dx 



(4.6) 



Substituting u = and passing to the limit, taking into account that 
Vr in L\^^[VL) as well as (j4.4j) and Fatou's lemma, we have 



< / Wr\Vr\''dx < CiT 



Vrlpl dx 



+ Co(l-r) 



v^ipQ dx 



0, (4.7) 



and we arrive at a contradiction. Therefore, Qr does not admit a ground 
state, and by Theorem 11.61 the functional Qr is strictly positive in VL. □ 
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Proposition 4.4. Let Qy be a strictly positive functional in f2. Consider 
Vq G L°°{Q) such that Vq ^ and supp Vq Q. Then there exist r_|_ > and 
— oo < r_ < such that Qy+tVo is strictly positive in VL for t G (r_, r+), and 
Qv+T+vb is degenerately positive in VL. 

Proof. If Qv has a weighted spectral gap in VL with a continuous weight IV, 
then Qy+tVo satisfies the inequality 

/ {W + tVo)\u\^dx < Qv+tvoiu) on C^{n). (4.8) 

The weight + tVo is strictly positive in Q for |t| small, since is a strictly 
positive continuous function and Vq is a bounded function with compact 
support. By Proposition 14.31 the set of t G M, for which Qy+tVo is strictly 
positive, is an interval. Moreover, this interval does not extend to +oo. 
Indeed, take uq G such that Vo\uo\p dx < to see that Qv+tVo{uo) < 
for t sufficiently large. Note that by the above argument, this interval extends 
to — oo if and only if Vq < 0. 

Let r_|_ be the right endpoint of this interval. Obviously Qv+t+Vo is non- 
negative on C^{fl). If, on the other hand, the functional Qv+t+Vo is strictly 
positive in fl, then by the preceding argument, there exists 6 > such that 
the functional Qv+{t++s)Vo is strictly positive in fl, which contradicts the 
definition of r+. □ 

Proposition 4.5. Let Qv be a degenerately positive functional in Q, and 
let V be the corresponding ground state. Consider Vq G L°°{Q) such that 
supp Vq <e fl. Then there exists < r+ < oo such that Qy+tVo is strictly 
positive in fl for t G (0, r+) if and only if 

I Vo|^^rdx>0. (4.9) 
Jo, 

Proof. Suppose that there exists t > such that Qy+tVo is strictly positive 
in fl. Then there exists W G C{fT), 1^ > 0, such that 

Qv{u)+t [ Vo\u\Pdx> [ Wlul^'dx WeC^in). (4.10) 
Jq Jn 

Let {uk} be a null sequence for the functional Qv, and let f > be the 
ground state of Qy which is the L^^^{fl) limit of {uk}. By fj4.1U|) and Fatou's 
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lemma we have 



t / Vo|f|^da;= \im Qv{uk) + 1 \im / Vo|Mfc|^da; > 
liminf [ W\uk\''dx> [ W\v\''dx>0. 



k^QO 



n Jn 



Thus, (|4.9p is satisfied. 

Suppose that ()4.9p holds true, but for any t > the functional Qv+tVo is 
nonpositive in Q. Therefore, for any t > there exists Ut G C^{Q) such that 



Qviut)+t / Vo\ut\''dx < 0. (4.11) 
Jn 

Clearly, we may assume that Ut > 0. Since Qv{ut) > it follows that 

Vo\ut\Pdx<0. (4.12) 



n 



In particular, supp(Mt) fl supp(Vo) 7^ 0. Therefore, we may assume that 

lujP dx = 1. 



supp(Vb) 



It follows that 



limt / Volutl^dx = 0, (4.13) 

and by the nonnegativity of and ()4.11|) . 

< liminf Qy(Mt) < limsupQy(Mt) < 0. (4.14) 

It follows that {ut} is a null sequence, and therefore, Ut v in L^^^{fl) 
as t 0, where and v is the corresponding ground state of Qv- Using a 
standard argument similar to (j3.13|) we have (for a subsequence) 

lim [ Vo\ut\Pdx= I Vo\v\p dx. (4.15) 

Combining (gJl), and and ^U^ . we obtain 

0< / m?;|Pda; = lim / Vo\ut\Pdx<0, (4.16) 
Jn Jn 

which is a contradiction. □ 

Remark 4.6. An alternative proof of Proposition 14.51 can be derived from 
the (nonsymmetric) technique in |29j. 
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5 Minimal growth 



In this section we study the existence of positive solutions of the equation 
Q'{u) = of minimal growth in a neighborhood of infinity in Q, and obtain 
a new characterization of strict positivity in terms of these solutions. 

Throughout this section we assume that 1 < p < d. Therefore, for any 
xo e fl, any positive solution v of the equation Q'{u) = in a punctured 
neighborhood of xq has either a removable singularity at xq, or 

.\x- xol^^'^'P) p<d, 
v[x) X < as X — >• Xo, (5.1) 

— log |x — xo| P = d, 

where a{d,p) := {p—d)/{p—l) jnSlEllEZI- Here f g means that c < f /g < 
C, where c and C are positive constants. In particular, in the nonremovable 

case, 

lim f (x) = oo. (5.2) 

Lemma 5.1 (L. Veron, private communication). Assume that 1 < p < 
d, and let Xq G M*^ be fixed. Suppose that v is a positive solution of the equa- 
tion Q'{u) = in a punctured neighborhood of xq which has a nonremovable 
singularity at xq . Then 

J |x -Xo|°('^'P^ p<d, 
v[x) ~ < as X — > Xo, (5.-3) 

- log|x — xo| P = d, 

where f ^ g means that 

limM = C 

x^xo g[x) 

for some positive constant C . 

Remark 5.2. The asymptotics ()5.Hj) has been proved for p = 2 in ^j, for 
1 < p < d and = in P^l Theorem 2.1], and also in some other cases in 
PHI • The proof below uses a technique involving a scaling argument together 
with a comparison principle that has been used for example in |5j. 

Proof. Assume that 1 < p < d, the proof for p = d needs some minor 
modifications, and is left to the reader. Without loss of generality, we assume 
also that Xo = 0. 
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Since V G the solution v satisfies v{x) x Let 

v(x) v(xn) ,^ 

c :— limsup , , s = lim ■; — , ,^ , , 5.4 

and set := clxl"^'^'^^ Define 

Vn{x) := |a;„|-"(^''^)t;(|x„|x), 

where x„ ^ is defined by ()5.4|) . 

Note that in an arbitrarily large punctured ball 

for all n large enough, and in such a ball f„ is a positive solution of the 
quasilinear elliptic equation 

-ApVnix) + \Xn\''V{x/\Xn\K-\x) = 0. 

Since {f„} is locally bounded and bounded away from zero in any punctured 
ball, a standard elliptic argument implies that there is a subsequence of 
{vn} that converges to a positive singular solution U of the limiting equation 
—ApU = in the punctured space. Since f/ x in the punctured space, it 
follows that U tends to zero at infinity. On the other hand, fl^ Theorem 2.1], 
implies that U{x) ~ fi{x) as x — > 0. Hence we can apply the comparison 
principle (Theorem I2.2|l . and compare the functions U and /i on arbitrarily 
large balls, to obtain that U = fi. This implies that 

lim \\v{x)/fi{x) - 1 11^00(1^1=1^.^1) = 0. (5.5) 



n— >oo 



In other words, v is almost equal to /i on a sequence of concentric spheres 
converging to 0. 

In order to prove that v is almost equal to /i uniformly in the sequence 
of the concentric annuh An := {\xn\ < < |x„+i|}, we construct two radial 
perturbations of fi. Let yU-(x) := /i(x) — ^Ixl*^ and fJ^+^x) := fj,{x) + (5|a;|" 
(for some a > {p — d)/{p — 1)). It turns out that /i_ (resp., //+) is a radial 
subsolution (resp., supersolution) of the equation Q'{u) = near the origin, 
and therefore using the comparison principle in the annulus An and ()5.5j] . it 
follows that 



lini \\v{x)/fi{x) - l||ioo(|^|=|r|) = 0. 



□ 
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Definition 5.3. Let K he a compact set in Q. A positive solution of the 
equation Q'{u) = in Q\K is said to be a positive solution of minimal growth 
in a neighborhood of infinity in Q, if for any compact set Ki in Q, with a 
smooth boundary, satisfying int(i^'i) D K, and any positive supersolution 
V E C{{Q \ Ki) U dKi) of the equation Q'{u) = in \ f^i, the inequality 
u < V on dKi implies that u < v in VL \ Ki. A positive solution u of the 
equation Q'{u) = in which has minimal growth in a neighborhood of 
infinity in is called a global minimal solution of the equation Q'{u) = in 

n. 

The following result is an extension to the p-Laplacian of the correspond- 
ing result of S. Agmon concerning positive solutions of real linear second- 
order elliptic operator [P. 

Theorem 5.4. Suppose that 1 < p < d, and Q is nonnegative on C^{Q). 
Then for any xo E Q the equation Q'{u) = has (up to a multiple constant) 
a unique positive solution vinfl\ {xq} of minimal growth in a neighborhood 
of infinity in Q . 

Moreover, v is either a global minimal solution of the equation Q'{u) = 
in Q, or v has a nonremovable singularity at Xq. 

Proof. Take Xq G Q, and consider an exhaustion {^^Ar}^=i of Q (as in the 
proof of Theorem 12 .31) . Fix > 1, and denote i^/^r fc := fijv \ B{xq, 1/k). 

Let {fk} be a sequence of nonzero nonnegative smooth functions such 
that for each k > 2, the function fk is supported in B{xq, 2/k) \ B{xo, l/k). 

Recall that XiA^N,k) > for all N,k > 1. By Theorem 12.11 there exists 
a unique positive solution of the problem 

Q'{uN,k) = fk in ^N,k, 

UN,k = on dVtN^k, (5.6) 
unA^i) = 1, 

where xi 7^ xq is a fixed point in Qi. By Harnack's inequality and elliptic 
regularity, it follows that {u^^k} admits a subsequence which converges lo- 
cally uniformly in Qjy \ {xq} to a positive solution Giy{-,Xo) of the equation 
Q'{u) = in i77v\{a^o}- Moreover, Giy{-, Xq) = on dfl^, and Giy{xi,Xo) = 1. 

Since Xi^^n) > 0, and it is the unique eigenvalue with a positive Dirich- 
let eigenfunction, it follows that Gn{-,xo) has a nonremovable singularity at 

Xq. 
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Recall that (|5.3|) holds true with v{-) = Gn{-,Xo). It is convenient to 
normalize in the traditional way, so that 



X 



xo \x - Xo\°'^'^'P> d-p^ ' 



x^xo — log |X — Xol 



(5.7) 



where S'^"^ is the unit sphere in M'^. Using the comparison principle (Theo- 
rem \'2.'2^ . and ()5.H|1 . it follows that G'Ar(-,a;o) is the unique function with the 
above properties. Hence, Gn{-,xo) might be called the (Dirichlet) positive 
p- Green function of the functional Q in with a pole at xq. 

By the comparison principle (Theorem 12. 2p and ()5.3|) . it follows that the 
sequence {Gn{-,xo)} is nondecreasing as a function of A^, and therefore it 
converges locally uniformly in f2 \ {xq} either to a positive function G{-,xo) 
or to infinity. 

In the first case G{-,xo) is a positive solution of the equation Q'{u) = 
in f2 \ {a;o} and has the asymptotic behavior ()5.3p near xq. We call G(-, xq) 
the minimal positive p- Green function of the functional Q in fl with a pole 
at Xq. 

In the second case, we consider the normalized sequence 

G]y{x,Xo) 
Gn{Xi,Xo) 

By Harnack's inequality and elliptic regularity, it follows that {vn} admits 
a subsequence which converges locally uniformly to a positive solution v of 
the equation Q'{u) = in f2 \ {xq}. 

Assume that v has a nonremovable singularity at xq. Therefore, for each 
> 1 we obtain by the comparison principle and ()5.7|) that 

G]\f{x,xo) < Gv{x) \/x eQ \ {xq} 

for some G > independent of A^. But this contradicts our assumption that 
Gn — > cxd as A^ — * cxd. 

Note that G{-, xq) (in the first case) and v (in the second case) are limits 
of a sequence of positive solutions that for 5 > are uniformly bounded 
on dB{xo,6), and take zero boundary condition on dQ^. Therefore, by the 
comparison principle, G and v are positive solutions in \ {xq} of minimal 
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growth in a neighborhood of infinity in Q. In particular, f is a global minimal 
positive solution of the equation Q'{u) = in Q. 

Using again the comparison principle and ()5.3p . it follows that such a 



The next theorem demonstrates that a global minimal positive solution 
of the equation Q'{u) = in is a ground state. 

Theorem 5.5. Assume that 1 < p < d and that Qy > on C^{Q). Then 
Qv is degenerately positive in fl if and only if the equation Q'{u) = admits 
a global minimal positive solution in Q. 

Proof. Assume that Qv is strictly positive and assume that there exists a 
global minimal positive solution v of the equation Q'{u) = in Q. By 
Proposition 14.41 there exists a nonzero nonnegative function Vi G C^{fl) 
with supp Vi C B{xo,6) for some 6 > 0, such that Qv-Vi is strictly positive 
in Q. Therefore, in light of Theorem 12. 3( there exists a positive solution vi 
of the equation Qy_y^{u) = in f2. 

Clearly, vi is a positive supersolution of the equation Qy{u) = in fl 
which is not a solution. On the other hand, f is a positive solution of the 
equation Qy{u) = in Q which has minimal growth in a neighborhood of 
infinity in Q. Therefore, there exists e > such that ev < Vi in Q. Define 



Clearly Eqv ^ vi in Q. Consequently, there exist 61,62 > and Xi E Q such 
that 



and thus (1 + 6i)eQV < Vi in Q, which is a contradiction to the definition of 

Assume that Q admits a positive minimal p-Green function G{-, xq) in Q. 
We need to prove that Q is strictly positive. 

Consider an exhaustion {i^Ar}^=i of Q such that xq G Qi and Xi G 
Fix a nonzero nonnegative function / G C^{Qi). By Theorem 12.11 there 
exists a unique positive solution of the Dirichlet problem 



solution is unique. 



□ 



Eq := maxje > \ ev < Vi in Q}. 



{I + 6i)eov{x) < vi{x) xeB{xi,6i). 
Hence, by the definition of minimal growth, we have 

(1 + 6i)eov{x) < Vi{x) X E Q \ B{xi, 61) 




in f^AT, 
on dQp 



<N- 



(5.8) 
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By the comparison principle f Theorem 12 .21) . {u^} is an increasing sequence. 
Suppose that {uj\f{xi)} is bounded. Then u, where u satisfies the 

equation Q'{u) = / ^ in fi. Since u is a positive supersolution of the 
equation Q'{u) = in f2 which is not a solution, Theorem II . 61 implies that Q 
is strictly positive. 

Suppose that ujy^xi) oo. Then viy{x) := un{x) /un{xi) solves the 



problem 



Un[Xi 



N, 



vn = on di^N, i^-^) 

. vwixi) = 1. 
By Harnack's inequality, and the comparison principle, 

f AT X G'jv(-, xo) inf2iv\i7i. (5.10) 

By a standard elliptic argument, we may extract a subsequence of {vn} that 
converges to a positive supersolution v of the equation Q'{u) = inQ. Recall 
that G'iv(-, a;o) G{-, xq). Hence, (j5.1U|) implies that v x G{-, Xq) in \ fii, 
and in particular, f is a positive solution in \ fii of minimal growth in a 
neighborhood of infinity in Q. Note that v ^ cG{-, xo) since v is not singular 
at Xq. Since the equation Q'{u) = does not admit a global minimal solution 
in Q, it follows that v satisfies Q'{u) ^ in f2, and by Theorem II. 6| Q is 
strictly positive in Q. □ 



6 Open problems 

We conclude the paper with a number of open problems suggested by the 
above results which are left for future investigation. All these questions are 
already resolved when p = 2. 

The first problem (Problem 16. Ij) deals with the weakly lower semiconti- 
nuity and convexity of the functional Q. As was shown in Proposition 13. 5| 
Q is weakly lower semicontinuous in a limited sense, a property which is 
closely related to convexity. However, it appears that Q is not necessarily 
convex even if Q > on C^{fl), at least when p > 2 (see, for instance, the 
elementary one-dimensional example at the end of P|, and also the proof of 
[Theorem 7] in |16j). Note also that Proposition 13.51 does not assert that 
domain D defined by (I3.15p is weakly closed. 
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Problem 6.1. Does Q have a natural extension to a weakly closed set where 
it is weakly lower semicontinuous? Under what conditions a nonnegative 
functional Q of the form (jl.lj) is convex? 

Clearly Q is convex when V > or p = 2. The convexity of Q gives 
rise to an energy space for the form Q that would generalize the space D^'^, 
similarly to the known case p = 2 ^1]. Indeed, if Q is a nonnegative convex 
functional on C^{Q), then it follows that Qp is a norm on C^{Q). Moreover, 
by Theorem II .(it if Q has a weighted spectral gap in Q, then the completion of 
C^{Q) with respect to this norm is continuously imbedded into L^^^{Q). On 
the other hand, if Q has a ground state v in fl, then v belongs to the equiv- 
alence class of in this completion, and there is no continuous imbedding 
of the completion even into T>'{Q). However, due to p.7|) . the completion of 
C^{fl) with respect to the norm induced by the right hand side of (|1.7|) is 
continuously imbedded into L^^^{Q). 

Problem 6.2. Do the results of this paper extend to quasilinear functionals 
of the form 



where A is a strictly positive definite matrix and 1 < p < q < oo? 

We note that Picone-type identity for the case A{x) = a{x)I was estab- 
lished in inH- 

Problem 6.3. Generalize the results of Section{^ to the case d < p < oo. 

Problem 6.4. Let Vli Vt he domains in W^. Suppose that Q is strictly 
positive in Vli. Show that there exists an open domain fii ^ ^2 C i7 such 
that Qv is strictly positive in f22 ■ 

Problem 16 .41 was studied in under the assumption p = 2, and stronger 
statements were proved. 

Problem 6.5. Let 9. = and assume that Q = Qy is strictly positive in 
Q. Show that under suitable decay conditions on V , there exists R > such 
that for every ?/ G M'^ \ -Bk(O) the functional Qv+v{--y) is strictly positive in 



This phenomenon has been proved for p = 2 in [23123121] for Schrodinger 
operators and in j2H] for the non-selfadjoint case. 
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A Appendix: Energy inequality 

The following inequality, established for p > 2, estimates the functional Q 
from below by an expression that leads to an alternative proof of Lemma f3. 21 
for the case p >2. 

Lemma A.l. Assume that p > 2. Let v G C^{Q) be a positive solution of 



the equation Q'{u) = in Q, and let u G Wlf^iVt), m > 0, supp-u d Vt. Th 



en 



Q{u) > Qi{u)+Q2{u) 



(A.l) 



where 

QiH :=- f \Vvy-\^ 
pJn 



P 



dx, and Q2{u) := / |VM|^da;. 

'{Vt)=0} 



Proof. Since p > 2, the obvious inequality + [p — 1) — pt > {p — l){t — 1)^ 
implies 



L^{u,v)>{p-l) 



\Vu\ \Vv\ 



U V J \v 

where Li is defined by fl2.4p . We use the identity 

2 

/?/. \ 

V 



p\2 ru\p 
2/ \v 



Vu Vv 

U V 



Substitution of ()A.3|) into ()A.2|) and using the identity 



u 



Vn Wv 

U V 



Vm ■ — I Vul I Vf I 



uv 



gives 



Li{u,v) > (p- 1) ( ^ ) \Vv\P-\^ 



U\ 2 



2{p-l){Vu-Vv -\Vu\\Vv\) {^y ' iVwP-^ 
which is the same as 



.V 

■ V 



+ 



(A.2) 



(A.3) 



(A.4) 



Li{u,v) >{p-l) 



V 



- 2 



p 



p 



-L2{u,v), (A.5) 
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where L2 is defined by (|2.5p . Since 1 > 2/(p^ — p) for p > 2, ()A.5|) implies 
tliat 



Liu, v) > 



|Vt;r-V 


V 















p 



Moreover, on tlie critical set {a; G | | Vf (x) 
Therefore 



0}, we have L{u, v) 



(A.6) 



L(u, v) > 



P 



|Vt;r-V 


V 


p ' 













+ 1 



{\\7v\=0} 



Integrating the latter inequality over Q, we arrive at (jA.lj) . 



□ 



Remark A. 2. 1. Note that (jA.lj) is based on the pointwise inequality (jA.6jl . 

2. Since for p = 2 we have Q{u) = Qi{u) (see for example Lemma 
2.4]), it follows that for any Q' d Q, the intersection of Q' with the set of 
all critical points of a positive solution of the equation —Am + Vu = in fl 
has zero Lebesgue measure. For much more dehcate results see jTH], and the 
references therein. 

Alternative proof of Lemma 13721 Assume that p > 2. By (jO|l . if 

Q{uk) — > 0, then Qi{uk) and Q2{uk) 0. Since cb = 0, there exists 
a sequence Uk G C^{Q), Uk > 0, such that j^u^ = 1 and Q{uk) — > 0. 
Repeating the first two steps of the proof of Lemma 13.21 we deduce that 
{uk} is bounded in W^''p{ijj) for every a; d ^2, a; D i?. 

Consider now a weakly convergent renamed subsequence Uk ^ u m. 
W^^Piu). Let 



Q'-iw) ■=- \Vv\P-\^ 
p 



/w 

V V 



dx, and Q2{w) :- 



Wwl^ dx. 



{'Vv=o}nuj 



Since and Q2 are continuous convex functionals on W^'^^u), they are 
weakly lower semicontinuous, and therefore. 



Q'^iu) < lim Q'^iuk) 



and Q^(m) < lim Q^(Mfc) = 0. 

fc— >oo 



Consequently, V[{u/v)^] = almost everywhere in u; \ {Vf = 0} and 
Vm = in u; n {Vv = 0}. Note that if Vu{x) = and Vv{x) = 0, then 
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(u{x) lv{x))^ = 0. Thus, V (■u/f)2 = a.e. in u, and since it holds 

for every u containing B, it follows that u/v = constant a.e. in uj. By 
the compact Sobolev imbedding on B, f^u^dx = lim J^u^dx = 1, and 
therefore, u = cv, where = J^v^dx. Note that any subsequence of {uk} 
has a subsequence converging to cv with the same c. From the compactness 
of the local Sobolev imbedding, it follows that Uk — > cv in L^^^{Q). In other 
words, {uk} is a null sequence. □ 
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